NANT 1DAI5I5N : MItaesgluuuANugyFedmSumssziuiuene Ade
sUnUHENTINAY0IT0as181Re7 (THE MODELING OF LOSS FOR NON-LIFE
INSURANCE WITH FINITE MIXTURE MODELS OF INDIVIDUAL DATA)

I 2 ¢ o 9
@1%']3‘(’11/11_|§ﬂ‘15ﬂ A998 m.'lwimu ANYTITN, 142 YU,

9
[

ao dyd @ s A = = Y [ [
M3eATINLIegszasAmean Iz UiUDVeIANUgYIFEN AU TEAUIMNANY
o v ¥ A4 da g ¥ = g o 2
dmiudoyaniemerntgUuvuilunnuray vazldglunoimuzaniulddivuaie
Y
Usziuse aunsaagdwamsane ldnsaeliil
msanegluuuvesaugads mau lvumauny) nesulsgnuluene wieen
Y 3 J A 9 J o 1:9{1
1Tl 2 g awusrensiuaastiea1ansil
1 { [ o [ { 14
daud 1 mstaes: dmsuzduuuvesnisuanuasnuuReveIaenuesuea 149
ax 1 a J A ax 1 < . . . .
MU sEuumMnITINwes Ao ’J‘ﬁﬂﬂs‘lﬂﬁ]&‘ﬂﬂ@ﬁ@ﬂ (maximum likelihood estimate : MLE)
PoyaFIN1TNAaedll 3 nquAlenU Av FoyanaIINNITIIABINIHNANYeIdIulTENOY
(components) ﬂsj}@llvaﬁﬁ NITUINUIIVOIANGY ﬂJuL?ffJ (empirical data which are simulated by
mixed components of loss distributions : EMD) ﬂTiNﬁﬂﬂlﬂﬂﬁ”auﬂi%ﬂﬂﬂﬂijﬂy‘amiLL%ﬂLLNﬂNN
=) 4 4 AA o 1 Y] dy .
guEsuUUABNNIIATIdYINNINI1dIUAAUITNIT1ABNIIY (mixed components  of
discounted compound Poisson-mixed loss distributions with interest rate : EDP) uazsﬁ’aga EMD
a o [ o w o A
AeMALA bootstrap F1MTUFUUVVYDINITUINUAMVLHFUTINAVDIAONUD YDA 19953
1 Aa 4 I
UszanafIm1510a03 Ao Expectations Maximization (EM) algorithm tag 1940y EMD 1ilu
AoYATININAADS
Aa A Aq Yo = = [ vy ' (J ' ! v
msnageunMzaglaing (GoF) nldiamsifeunsenulavesnguaiedregunu
7w LA PN
171&ﬂsvumsmmmmmqyfjuu L‘]Ju’ﬁ Kolmogorov-Smirnov test (K-S test) (421¥ Anderson-
Darling test (4-D test)
14 ]
MFHINLIIANNG YT 1U52n0UAI8 N15UINLIIADNUBINDA UNNLT WIS 1A LAY
) Hq 2, & o ¥ o 2 ' ~
Tyaa doyaildlumsnaasil S1a09las MATLAB @ansziiisinu 200 59 Tuudaznydl
HANTANEINTTIA04: d1M5UNN 9 VYUIAAI0819 WU Yoya EMD Joya EDP uaz

a 1 o 4
“’lsljﬂllﬁ EMD @%)’Jﬂmﬂim bootstrap ]liJﬁﬁJﬁﬂﬁﬂ’JﬁJﬁ@ﬂﬂ’cgl}’ﬂ\imﬂﬂgﬁﬁﬂﬂ‘]JﬂTiLLi]ﬂLLi]\iﬁ@ﬂl!’E)i

G
9 [

o w 4 ?1}/ [
MU UIUUMSLINUAIUUUHNTNTINAVDIaDNUDTUOA LY mmsaﬁaﬂymma@ﬂﬁ'm

u

Nz aunUdeya EMD insdiaesnnnidl dreszauiodidni 0.10 mseensuves

=
o))

3]

[ Y dy =\ g o U A A d% 9
ANHULAOANADUNIZANUILLNINVUMNTIUIUVITIUYTZNOL (k) MWYIUAY



II

J Y

drud 2: Nnsandeyanisiieamdu lvunaunuvesnisdsgiudesnouddoya

. = a o v oA v 1 & =
s1eaen Ul 2552 ‘U’t’N‘Ui‘]el‘ﬂ1J'§$ﬂU’JUWﬂﬂfJLLﬁQﬁUQGlUﬂigLﬂﬁllﬂfJ WaNIIANEINUIN

[

mslsziudesdsznnanuduasesi 5 91uau 1,296 Yoya JanbuzaeandounuIzauny

[

o v J Y = v @ o
MILANUINLUVUNTNIINAVDIABNUDITNOA AuN1snaaal K-S uaz A-D NITAVUHIAINTY
= ° : 44 X o q ¥ o o y A A X
0.10 Tagtuaiudsenou (k) Mvuauazimlvinseensvanyaeaoanaoatungay
o dy v oo P v o dy v o oo 4
msmvuaelsznune: llﬂ3Jﬂ13Lﬁu@ﬁaﬂﬂTﬁﬂ'lu'Jﬂ!L‘Uﬂﬂizﬂl‘lﬂﬂllfﬂ‘ﬂaﬂﬂ‘ﬂﬁ']uﬁ

4 A @ o 4 X
osu (Log-transform) ﬁlﬁfJ'J“lsJ)@QﬂTJETJLL'U‘UﬂWiLH]ﬂLWQLL‘U'UWﬁiﬁmﬂﬂ‘ll’ﬂﬁa@ﬂu@ﬁu@a "?\1

[ o A:al) 1 Y a o A a ds! a A wa A )
ﬁaﬂﬂ?iﬂ'luﬁmuﬂ$GH'JEJLLﬂ"lGU‘ﬂﬂJUW11uﬂ15ﬂ5ﬁ13ﬂ?iﬁ]ﬂﬂ?ﬁﬂlﬂﬂﬂlﬂﬁ]iﬂiﬂﬂ?ﬁﬂ{‘]‘U@] DU
[ o 1:9( [ [ 4 4 79 Y o [ [ 4
nanmsamuIaedsznunsuuvaenniudwosy NTﬂﬁ%Qﬂ@]i%ﬂ’Uﬂ?ﬁﬂigﬂuﬂﬂiﬂﬂuﬂ
Y A = 1 dy v o Ao Y an 4
ﬂﬁmﬂﬂﬂ'ﬂmﬂﬂﬂﬁﬂﬂ‘ﬂ 5 HAMSANEINUI W5 AUNINAIUIUAITUUVADNNT 1UT

4 Y ,;’ [ [ l-ﬂ' :; 1 g [ [ d‘d o ax d' 1 é’
Wosu ﬁ]%ﬂlﬁﬂﬂﬂﬂﬂﬁzﬂuﬂfﬁ’l@Wﬂ’N!foﬂJﬁgﬂuﬂﬂ“ﬂuﬂWﬁﬂTuﬁﬂ!ﬁWNTﬁf‘nﬁ’ﬂu U LY

v QU a tis’ - % 1 % tél o U li‘

ﬂﬁ%ﬂuﬂﬂﬁ:ﬂ‘ﬁ (net) WellszAunsmaianda (expected value) Lﬂﬂﬂﬁgﬂuﬂﬂlﬂﬂ\u‘ﬂu‘h1ﬂ3§1u

Y [ [ 4 14 ¥ [ [ 1
(standard deviation) 182108l AUNBUIVVNININIIUTNOTU (Wang transform) 1Hedsenunah

v A o Y

09 A as 4 14 A g [ =
Mﬂ?l!’f)ﬂ‘ﬂq@ﬁ”IiJ’J‘ﬁLL’U‘Uﬁ@ﬂﬂiWHﬁ‘V\l’E)ﬁJ AolelsznuneNAIUINAIe £ =100 FIN1S
o as 4 4 dy I < o [ ] v A Aa o
MurumuIsuuvasnnsuaneiull veluilse TesudmsunannisaadulavesusEnlu

o dy [ @ 9 I [] =
msmruaielszrune lainluog1ea

A A o

AunMadamans Meilo¥orinAny

-

A o

2 = '~
ﬂﬂWiﬁﬂlﬂ 2555 aTﬂﬁJ@%@@ﬁnﬁﬂﬂlﬁﬂH”l




TOSAPORN TALANGTAM : THE MODELING OF LOSS FOR NON-LIFE
INSURANCE WITH FINITE MIXTURE MODELS OF INDIVIDUAL DATA.
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BOOTSTRAP / CLAIM SIZE DISTRIBUTION / EM ALGORITHM /
EQUILIBRIUM PRICE / FINITE MIXTURE MODELS / LOG-TRANSFORM /
LOGNORMAL DISTRIBUTION / LOSS DISTRIBUTION / MOTOR INSURANCE /

PREMIUM CALCULATION PRINCIPLES / WANG TRANSFORM

The objective of this study is to find loss distribution models for mixture
models of individual data and use a suitable model to price the insurance premium.
The results of the study are as follows:

The modeling of loss (claim) for non-life insurance: It is separated into 2 parts
as shown below.

Part 1: The simulations: For the model of a single parametric Lognormal
distribution, the parameter estimation is the maximum likelihood estimate (MLE).
There are 3 sets of empirical data for fitting, namely, the empirical data which are
simulated by mixed components of loss distributions (EMD), mixed components of
discounted compound Poisson-mixed loss distributions with interest rate (EDP) and
the EMD with the bootstrap technique. For the model of finite mixture Lognormal
distributions, the estimated parameters of the model are obtained from Expectations
Maximization (EM) algorithm and the empirical data for fitting is EMD.

The goodness of fit (GOF) test measures the compatibility of a random sample

with a theoretical probability distribution function. We use the Kolmogorov-Smirnov



v

test (K-S test) and the Anderson-Darling test (A-D test).

The loss distributions are Lognormal, Gamma, Pareto and Weibull. Data sizes
are obtained through simulation using MATLAB and repeated 200 times in each case.

The simulation results: For any sample size, we found that the EMD, EDP and
EMD with the bootstrap technique cannot be fitted by any Lognormal distribution. For
the model of finite mixture Lognormal distributions, they can be fitted to EMD in any
case of simulation with a significance level of 0.10. This fitting is better when the
number of components (% ) are increased.

Part 2: we consider the individual data for motor insurance claims for the year
2009 from a non-life insurance company in Thailand. We found that 1,296
observations of type - 5 meet the mixture Lognormal distributions at a significant level
of 0.10 for both the K-S and A-D tests. The fitting is better when the number of
components (%) are increased.

The insurance pricing: We introduce the Log-transform premium principle
related to the finite mixture Lognormal distributions which can assist in the solving of
these real world management problems. We applied the Log-transform premium
principle to price motor insurance claims of type - 5 and found that the premiums
based on Log-transform are less than the premiums based on some other principles:
such as net, expected value, standard deviation and the Wang transform. The premium
of k£ =100 is the minimum. This is, therefore, a very useful method for providing

a sound basis for company decisions on premium pricing.

School of Mathematics Student's Signature

Academic Year 2012 Advisor's Signature




ACKNOWLEDGEMENTS

I am grateful to Prof. Dr. Pairote Sattayatham for his lectures on mathematical
finance and non-life insurance mathematics. He has given me much useful advice and
valuable suggestions on the mathematics and statistics in this thesis.

| very much appreciate the assistance of Asst. Prof. Dr. Eckart Schulz for his
lectures on mathematical analysis and for his careful reading, helpful comments and
checking of my manuscript. | would also like to thank Assoc. Prof. Dr. Samruam
Choungchareon for his many useful comments and technical suggestions. My thanks
also go to Assoc. Prof. Dr. Prapasri Asawakun and Asst. Prof. Dr. Arjuna Chaiyasena
for their helpful comments and giving me encouragement. | am greatly indebted to all
the lecturers in the School of Mathematics for all the lectures | attended while
studying.

Finally, special thanks are due to my parents: Colonel Tongpan and Pensri
Talangtam, and to my friends for their encouragement and moral support throughout

my study period.

Tosaporn Talangtam



CONTENTS

ABSTRACT IN THAL ..o e e e e

ABSTRACT IN ENGLISH. ...t

ACKNOWLEDGMENTS. ...

CON T EN T S e

LIST OF TABLES . ... e

LIST OF FIGURES. ... e e

ABBREVIATIONS AND SYMBOLS......ciiiiiiii e
CHAPTER

I INTRODUCTION ..cituiiiiniiniiniieiiiiieiietiiiiietieieseesncssascnen.

1.1 Introduction and Motivation.............ccooeiiiiiiiiiiiiinine,

1.2 Historical REVIEW.........oiiiiiiiiiii e

1.3 Objective and Overview of the Thesis.............cooviiiiiniiiniinn,

I PRELIMINARIES....cttiiiiiiiiiiiiiiiiiiiietietniiniineiesecnnsseees

2.1 Random Variables............coooiiiiiiiiiiiii

2.2 Distribution Functions.................ooiiiiiiiiiiiiiii

2.3 Lognormal Distribution...........cccc.iveiiiiiiiitiiiiieieeeaiiee

2.4 UNIform Distribution...........cvevveiniiieiiie e,

2.5 MiIXTUre Models ......oovieiiiii e

2.5.1 The Finite Mixture Models...............cooiiiiiiiiiinnn,

2.6 Random Vector and CovariancCe.........cooeeeeeeeeeaeeeeeeiaeennnn.

12

13

15

15

16



VIl

CONTENTS (Continued)

Page

2.7  EQuIlibrium Price. ..o 22
2.7.1 A Model for the Market.................oooieiiiiiiiiiinnnn. 22

2.7.2 Equilibrium Price...........oooiiii 24

2.7.3 Biihlmann’s Equilibrium Pricing Model...................... 25

2.8 Wang Transform............ooviiiiiiiiiii i 27
Il CLAIM MODELING....cccttttuitiiiiuiiiieiniiietniirmmieesastimncsssases 30
3.1  Single Parametric Distribution..................ccooiiiiiiiiininn... 31
3.1.1 The Model. ... oo, 31

3.1.2 Estimation for the Model.............c.cocoviiiiiininin. 31

3.2 Finite Mixture Models............coooiiiiiiiiiiiiiiie, 32
321 TheModel.....ovvuiniiiiii e 32

3.2.2 Estimation for the Model............cccoooeiiiiiiiii. 33

3.3 Bootstrap Technique...........c.oviiiiiiiiiiiieieieieieeieeians 39
3.3.1 Observation Bootstrap............c.ccoevviiinieniieiininnnn.n. 40

3.3.2 Residual Bootstrap...........oovevviiiiiiiiiiiiiiiieiennn, 40

3.4 Goodness Of Fit TeSt....c.ouvvuiiuiiiiiiiiiieiee e, 41
3.5  The Simulation..........coooiiiiiii 42
3.6 Simulation Results............oooiiiiiiii 47

3.7 An Application..........o.iiuiiiiiiii e 78



VIII

CONTENTS (Continued)

Page

IV INSURANCE PRICING....ccuttiuiiieiniiieiaiiinieiecinesesasecsssanes 83

4.1  System DesCriptions........couvuueeniiirieniiiiiaeeiieiireeeeieeannn, 85

4.2 An AppliCation. ... ...ouiiiiiiii i 94

V' CONCLUSIONS. . .cttititiiiiieinittiatiietasntnessmesassssssassssasasemses. 98

51 ClaimModeling........cccouviiiiiiiii i 98

5.1.1 CONCIUSION. . ..uuuitiiiiii i 98

5.1.2 Discussion and Further Research.............................. 99

5.2 Insurance Pricing...........cccoiiiiiiiiiiiiiiiiii i 99

5.2.1 CONCIUSION. .. ututintiit e 99

5.2.2 Discussion and Further Research.............................. 100

REFERENCES. ... .o, 102
APPENDICES

APPENDIX A DISTRIBUTIONS........oviiiiiiiieieeeeeeee 108

APPENDIX B PROBABILISTIC TOOLS...........coviiiiineane 117

APPENDIX C RISK AND RISK MEASURE.............ccooiiiinnnn. 131

CURRICULUM VITAE.. ... 142



Table

3.1

3.2

3.3

3.4

3.5

3.6

3.7

3.8

3.9

3.10

LIST OF TABLES

The variability of mixed components...............cooeviiiiiiiiiiiinnin...
Lognormal distribution fitting to 2 mixed components of Lognormal

distributed samples..........c.oiiriiiii

Lognormal distribution fitting to 2 mixed components of Gamma

distributed samples.........c.oiiriiiiii e

Lognormal distribution fitting to 2 mixed components of Pareto

distributed Samples...... ..o

Lognormal distribution fitting to 2 mixed components of Weibull

distributed samples...... ..o

Lognormal distribution fitting to mixed components of Lognormal

and Gamma distributed samples..............coooviiiiiii

Lognormal distribution fitting to mixed components of Lognormal

and Pareto distributed samples.............oooeiiiiiiii

Lognormal distribution fitting to mixed components of Lognormal

and Weibull distributed samples.............ccooiiiiiiiiiiiii

Lognormal distribution fitting to mixed components of Gamma

and Pareto distributed samples..............coooiiiiiii

Lognormal distribution fitting to mixed components of Gamma

and Weibull distributed samples.............ccccoiiiiiiiiii

Page

49

49

50

50

51

51

52

52

53



LIST OF TABLES (Continued)

Table Page
3.11 Lognormal distribution fitting to mixed components of Pareto

and Weibull distributed samples.............coooiiiiiiii 53
3.12  Lognormal distribution fitting to 3 mixed components of Lognormal

distributed samples.........cooeeuiirieii i 54
3.13  Lognormal distribution fitting to 3 mixed components of Gamma

distributed sSamples. ... ..o 54
3.14  Lognormal distribution fitting to 3 mixed components of Pareto

distributed Samples. ... ..o 55
3.15 Lognormal distribution fitting to 3 mixed components of Weibull

distributed Samples..........oiei i, 55
3.16  Lognormal distribution fitting to mixed components of

Lognormal, Gamma and Weibull distributed samples..................... 56
3.17  Lognormal distribution fitting to mixed components of

Gamma, Weibull and Pareto distributed samples............................ 56
3.18 Lognormal distribution fitting to mixed components of

Weibull, Pareto and Lognormal distributed samples........................ 57
3.19 Lognormal distribution fitting to mixed components of

Pareto, Lognormal and Gamma distributed samples......................... 57
3.20 Lognormal distribution fitting to mixed components of

Lognormal, Gamma Pareto and Weibull distributed samples............... 58



Table

3.21

3.22

3.23

3.24

3.25

3.26

3.27

3.28

3.29

3.30

LIST OF TABLES (Continued)

Finite mixture Lognormal distributions fitting to 2 mixed

components of Lognormal distributed samples.................cccoeininien.

Finite mixture Lognormal distributions fitting to 2 mixed

components of Gamma distributed samples.................ccooeevieiinnn.

Finite mixture Lognormal distributions fitting to 2 mixed

components of Pareto distributed samples..............ccc.oooviiiiiinnn.

Finite mixture Lognormal distributions fitting to 2 mixed

components of Weibull distributed samples..................c.oooviiivinen.

Finite mixture Lognormal distributions fitting to mixed
components of Lognormal and Gamma distributed samples

Finite mixture Lognormal distributions fitting to mixed

components of Lognormal and Pareto distributed samples.................

Finite mixture Lognormal distributions fitting to mixed

components of Lognormal and Weibull distributed samples................

Finite mixture Lognormal distributions fitting to mixed

components of Gamma and Pareto distributed samples......................

Finite mixture Lognormal distributions fitting to mixed

components of Gamma and Weibull distributed samples....................

Finite mixture Lognormal distributions fitting to mixed

components of Pareto and Weibull distributed samples......................

XI

Page

59

60

61

62

63

64

65

66

67

68



Table

3.31

3.32

3.33

3.34

3.35

3.36

3.37

3.38

3.39

3.40

LIST OF TABLES (Continued)

Finite mixture Lognormal distributions fitting to 3 mixed

components of Lognormal distributed samples..................coveenee.

Finite mixture Lognormal distributions fitting to 3 mixed

components of Gamma distributed samples..........ccccoeeeeiviniiiiiieeen

Finite mixture Lognormal distributions fitting to 3 mixed data of

Pareto distributed Samples....... ...

Finite mixture Lognormal distributions fitting to 3 mixed

components of Weibull distributed samples..........cccccovveeiiiievieennnnn.

Finite mixture Lognormal distributions fitting to mixed data of

Lognormal, Gamma and Weibull distributed samples..........ccccc........

Finite mixture Lognormal distributions fitting to mixed

components of Gamma, Weibull and Pareto distributed samples........

Finite mixture Lognormal distributions fitting to mixed

components of Weibull, Pareto and Lognormal distributed samples.....

Finite mixture Lognormal distributions fitting to mixed

components of Pareto, Lognormal and Gamma distributed samples.....

Finite mixture Lognormal distributions fitting to mixed

components of Lognormal, Gamma, Pareto and Weibull distributed
AP S . .ottt e

The Lognormal distribution...............ccooviiiiiiiiiiiiiiii e,

XII

Page

69

70

71

72

73

74

75

76

77

79



LIST OF TABLES (Continued)

Table

3.41 The finite mixture Lognormal distributions.................cooooviiiin.n.

3.42 Recalculation of the estimated parameters based on data and residual
DOOLSIIAD ... e ettt

4.1  Premiums for Lognormal distribution................ccceceeuiiiiinininnnnnn

4.2 Premium based on the Wang transform depending on various values

4.3  Premiums based on the Log-transform depending on various values

OF 0 e
Al The2mixed COMPONENTS .......viuiiriitit i,
A2  The3mixed COMPONENTS .......viuiiniitit i,
A3  The4d mixed COMPONENTS .......viniiriitit e,
A4 The level of significance for D............coooiiiiiiiii i
A5 The level of significance for A% .............ooeeeeeeiiiiiieeeeei,
A.6  The interpretation of P-value .................coooiiiiiiiiiiiee,
C.1  Families of risk measures .............ccooeiiiiiiiiiiiiiiiii e,

C.2  Characterization Method..........coooiimmm e,

XIII

Page

79

80

96

96

97
112
112
113
114
114
115

140



Figure

2.1

3.1

3.2

3.3

3.4

3.5

3.6

3.7

3.8

3.9

5.1

5.2

5.3

5.4

LIST OF FIGURES

The PDF of the Lognormal distribution.....................c.oo
Flowchart of the claim modeling process...............ocvvvieivinnnnn.

Historical data 1,296 0bSEIrvationsS. .......ovuueiiieeiiiiiiee i
Histogram (10€ SCale).......uiuiieiiiiit e
PDF of Lognormal distribution..............c.cooeiiiiiiiiiiiiinnan..
PDFOf £ =100 ...ttt e
CDF Of & = Lo e
CDF Of £ =100 ... ettt e e e e
P-Pplotof £ =1 .
P-Pplotof £ =100 .......cccciiiiii e

P-P plot of the Log-transform and ECDF when £ =1

81

81

81

81

81

81

82

82



ABBREVIATIONS AND SYMBOLS

CDF cumulative distribution function
PDF probability density function
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i.i.d. independent, identically distributed
10} elementary event

Q sample space

n sample size (policy number)

F(z) CDF

E, () empirical CDF

f(z) PDF

X random variable of loss (claim)
Fy(z) CDF of X

fx (@) PDF of X

E[X] expected value of X

Var[ X] variance of X

Corr[X,Y] correlation coefficient between X and YV
Cov[ X, Y] covariance between X and Y

pP(X)Y) Corr[X,Y]



XVI

ABBREVIATIONS AND SYMBOLS (Continued)

a point of R" isan n dimensional vector

a row vector with components z,,...,x

1 n "

The symbol ' is used to indicate transposition.

indicator of the event A
MGF

normal distribution with mean & and variance o2

Lognormal distribution with parameters x and o

standard normal distribution function

the set of real numbers

(n)(n=1)---(1)



