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ABSTRACT

Exponential and asymptotic stability for a class of nonlinear dynamical systems with
uncertainties is investigated. Based on the stability of the nominal system, a class of bounded
continuous feedback controllers is constructed. By such a class of controllers, the results
guarantee exponential and asymptotic stability of uncertain nonlinear dynamical system. A
numerical example is aso given to demonstrate the use of the main result.

Index Terms: Control constraint, feedback control, stability, stabilization, uncertainty, un-
certain systems

Nomenclature

R" n-dimensional real space

RM™M Set of al real n by m matrices

AT Transpose of matrix A

[ Al Induced Euclidean norm of matrix A

(x| Euclidean norm of x€R"

V,V(t,x)  Gradient of smooth scalar function V(t, x)

E] Absolute value of area number a

B,(0) Bal in R"of radius p>0 and center at the origin
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1 INTRODUCTION

In recent decades, the stability problem of nonlinear systems have been extensively studied ([1]-
[3] and [4]). Itiswell known that the study of stability theory of nonlinear dynamical systems
is carried out by one of two Lyapunov methods, one is the Lyapunov’s linearization method,
and the other is the Lyapunov’ s direct method which concerns with construction of the Lyapunov
function. The stability problem has motivated the study of Lyapunov function in both finite ([3],
[5] and [6]) and infinite dimensional ([1] and [2]) spaces. Here, the Lyapunov’s direct method
isused. Itisthe purpose of this paper to investigate the exponential and asymptotic stabilization
for nonlinear dynamical systems with control constraint.

This paper is organized as follows. In section I, a theorem which is a criterion for the expo-
nential and asymptotic stability is proposed. Furthermore, based on this theorem, a bounded and
continuous state feedback control is proposed to guarantee the exponential and asymptotic
stability. In section Ill, a numerical example is given to illustrate the use of our main result.
Finally, the conclusion follows in section 1V.

2.  PROBLEM FORMULATION AND MAIN RESULT

Consider a class of uncertain nonlinear dynamical systems described by the following state
eguations:

x(t) = f(t,x) + F(t,x) ¢(t,x,u), t=t,=0

1
X(to) =X

where tER, is time, x(t)ER" is the state vector, u(t) €RMis the control vector, and
¢(t, X, U) represents the system uncertainties. The function, ¢(,+,-):[0,)x R" x R" — R™,
F(,):[0,0) x R" = R™™ and f(-):[0,0) x R" = R", are assumed to be continuous.
The corresponding system of (1) without uncertainties, called the nominal system, is described

by
X(t) = f(t,x), t=ty=0 @)
X(to) = XO

We assume further that the equation (2) has a unique solution corresponding to each initial
condition and the origin is the unique equilibrium point. The state feedback controller can be
represented by a nonlinear function in the form

u(t) = =y (t, )K T (t, x).

Now, the question is how to synthesize a state feedback controller u(t) that can guarantee the
asymptotic and exponential stability of nonlinear dynamical system (1) in the presence of un-
certainties ¢ (t,x,u).
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Before giving our synthesis approach, we give some definitions and prove sufficient conditions
for the asymptotic and exponential stability of system (2).

Definition 1. The equilibrium zero of (2) is stable if, for each ¢ > 0 and each, t, €ER,,
there exists a & = 8(¢,ty) such that [Xo| = 8(e,ty) implies [X(t, %) < €, Vt =ty = 0.

Definition 2. The equilibrium zero of (2) is attractive if, for each, ty €ER, there is an
n(ty) > Osuch that "XO” = n(ty) implies that the solution X(t,X,) approaches zero as t ap-
proaches infinity.

Definition 3. The equilibrium zero of (2) is asymptotically stable if it is stable and attractive.

Definition 4. The equilibrium zero of (2) is exponentially stable if there exist positive con-
stants,, p, k and y such that

[X(t, %o )| = K| %,|le 7@, Yt = t, = 0, Vx, EB,.

The following theorem provides sufficient conditions for the asymptotic and exponential stabil-
ity of system (2).

Theorem 1. Assume there exist a sufficiently smooth function V(t,x), positive constants
A1, Az, A3,p and g such that, for al and for al t =ty =0and for al x(t) eR"

MlxO)P = V(1 x() = Ao [x () S
and the derivative of V aong the solution of (2) satisfies

dV(t, x(t))
dt

Then the equilibrium point of the system (2) is asymptotically stable. Moreover, itisexponentially
stable if p = q.

= VV(t, X(1) + VR V(L (1)) - (1, X(t)) = - A4]x(0)]°. 4)

Proof. Let
i,
Q(t,x(1)) = V(t,x(1))e*? . (5)
Then, from (5), (4) and (3), we have

Qlt,X(1) = V(t, x(B)e"' + %V(t, x(t)e™
2
q %t A'3 q i’it
< Ao X + 22, X e" ©
2

<0.
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Integrate both sides of (6), we have, for all t=t; =0

/13 73,
QUL X(1) = At X(t) = Vltg X X(t)e™? = Aolx(t)] e’ ™

Hence, it follows from (3), (5), and (7), we get

1Up v 1/p
Ix(0)] < (M) (Q(t X(0) - ) " (@ )
& M M ) ®
= K|x(t,)|" e
1/p ,
- (22 _ Az . (e)\P
where ke = (Al) ’Y_Azp' Let ¢ > O be given and 5(8,to)—<k> then whenever

[Xo] = 6(e.to) we have

()] = kﬁe_y(t_tO) <eg Vi=ty=0.

Therefore, the equilibrium zero of (2) is stable. Moreover, one can easily see that the right-
hand side of (8) approaches zero when t approaches infinity. Hence, the equilibrium zero of (2)
is attractive and therefore asymptotically stable. In particular, when p = q the inequality (8)
becomes

()] = K|x(t,)|e ", Vt=t,=0.

that is the equilibrium zero of (2) is exponentialy stable.

We shall use Theorem 1 to fine the condition on u(t) that can guarantee the asymptotic and
exponential stability of nonlinear dynamical system (1). Let us introduce for system (1) the
following assumptions:

(B1) The components of the control vector are physically limited by
u<c, Vi=12,...,m ©)
withc >0, Vi=12,....,m

(B2) Thereexist asufficiently smooth function W(t,), positive constants A, A,, p and g such
that for dl X ER",for al t=1, =0, we have

X)) = W(t, x) < A, [x(t)[* (10)
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and the derivative of W along the solution of the nominal system X(t) = f(t,X) satisfies

dW(t, x(1))

S = VW X() + VEWE () (6 X(0) =0 (11)

Remark : The nominal system X(t) = f(t,X)is stable with (B2) (See [3] pp. 53-54).

(B3) Thereexist positive continuous functions &(t,X), f,(t,X), f,(t,x), f,(t,x)and posi-

tive constants A, and o such that

Y gu(txy) = = LX)+ F M - fo M
Asf, (4 X)X ()]

; (12)
21, X[ K] + &(t, %)]
VyeR", VxER", Vt=t =0
where
f2(t,x) = 4f,(t,x) f,4(t,x), VXER", Vt=1,20 (13)
f.(t, XK= X", YXER", Vt=t,=0 (14)
¢, (t,X,y):= qb(t,x,z—cltan‘1 ylz—cztan‘1 y2,...,ﬁtan‘l V), (15)
JU JU JU
yi= [yl,yz,...,ym]T ER", (16)
and

K(t,x):= F'(t,x)V,W(t,x), YXER", Vt = t, = 0.

Lemma 1. Under the assumptions (B2) and (B3), we have

f,|K] - £y K" + f5y?K]* - ax(®)]* < 0, VX ER", Vt=t, 2 0,
where

f,(t,x)
2, X[ IK] + &(t, )]

y(t,X):= VXER, Vt=t,=0

and
K(t,x):= F'(t,X)V,W(t,x), XER",Vt=t,=0.
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Proof.  f[K]l - foy[KI" + for *[K]” - ax@)[’
7 L G 1L
2f5(Kl+e)  4f,(IK]+¢)
_ AR K+ 45, F 2K e + 4, o Kle? - 2F21K]° - 2Z[K] e

) 41,5(IK[ + &)®

= f,|K]| - 7 — alx)[’

f2IK|3
PR F1 S B N
41K+ 2)

KT £2 - 4f,f,]- 26K £2 - 41,1, AT T’
Af,(|K] + €)? 4f,(IK[ + &)

7 — o x(O)[°

_ flK]e® - alx@[F (K] + £)°
(IK||+ €)*
_ filKle? ~ alx@I[KI* - 2ax@)]*[K]e - alx®)]¢?
(INEXS
_ (BIK] = alx@]e? - alx@IIKI - 2o xO)K]e
(INEX%

< 0.

Theorem 2. The system (1) satisfying the assumptions (B1)-(B3) is asymptotically stable and
if p= qitisexponentially stable under the control

u(t) = %tan-l[yi ®] Vi-12..m a”
Here
[Y2(0), Yo (), Y ()] = =7 (£, 0K (£, %), (18)
AATNO x)f(zn(rznxz e(tx)’ o
and
K(t,x):= F'(t,X)V,W(t,X), (20)
with a < A,.
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Proof. By (1) and (15)-(17), one has
X(t) = f(t,x) + F(t,x)- (o(t,x,u,U,,...,u,)
= f(t,x) + F(t,x)-¢(t,x,Z—Cltan'lyl,z—cztan'lyz,...,zﬁtan'lym)
T T T
= f(t,x) + F(t,x) - ¢(t,x,y), VXEDCR", t=t,=0.

Let W(t,X) be a Lyapunov function candidate of (1) with (17)-(20). The time derivative of
W(t,X) along the trajectories of the closed-loop system, using (B2), is given by

W=V,W+ VW f +-¢,]

(21)
< VIWF - ¢,.
From (12) and (18)-(19), we have
y' b= = fy K|+ For 2K = £ ° K + Aqy[x@)°.
. _ 1
Multiply both sides by —— and from (18), and (20), we have
Y
KT =-¢, = VIWF - ¢, < f[K[| = Fr[K[" + for 2K - A5)x()]°". (22)
Substitute (22) into (21), we get
= K[ = Fy K" + 5y 2IKIP = 25X + el O] - el x O 3
= ~(5 = @)X + £.IK] = £,y K + far2K[” - e x@®)]*.
Simplifying (23) by using (19)-(20), we get, by Lemma 1,
W < —(2, — a)|x(t)]". (24)
By virtue of theorem 1, the proof is completed.
3. EXAMPLE
Consider the following uncertain nonlinear system:
. X, — X3
X(t) = ( § Xlxa) + ( Xl) -{a(t)u + b(t)u? + c(t) tanu - 9} (25)
-2x -%) \X%
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where ER, X:=(X,X%,)T ER?, -1<a(t)<1, -1=<b(t) <l and 4=c(t)=5for al
t=1, = 0. The coefficients a(t), b(t), and c(t) are arbitrarily chosen to satisfy (12)-(14). The

T T
control u is limited by -3 <u(t) < E,and

Figure 1 : The state trajectories of the feedback-controlled system for (25).

¢ / X = X133\ F X
t’ = ) t! = k)
0= _a 2] F0=(]
2
o(t,x,u) = {a(t)u + b(t)u? + o(t) tanu - 9}.
Choose a positive functional
W(t, X) = 2X7 + XZ.
Then (10) and (11) are satisfied with A,=1, A, = 2, p=2 and g=2. In fact,
MIXI" = X3+ %5 < W(EX) = 2% + X < 20X + %5) = AqX]*
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and

VIW(E, %) f (t, X) = (%,%)W(t,x)- £(t,%)

2

: (4&2&)[_22_%]
2

3
= 4x,(%, - %) + 2X2(_2X1 - X_ZZ)
= —4X14 - Xg <0.

From (15), we have

¢u(t,x,y) := ¢(t,x, tan™y)
= a(t)tan™'y + b(t)(tan™y)* + c(t)y - 9.

Hence, in (12), we have
y - gu(tx,y) =[at)tany + b(t)(tan ™ y) [y + c(t)y? - 9y

<{ 3+ 7% ot s -9y
={ 3+ % ot S -y -9

This suggests that in (12) we choose
2
f,(t,X) = (ﬁﬂ—), f,(t,X) =5, and f,(t,x) =1
2" 4
It follows that (13) is satisfied. In fact,
2
F2(t,X) = 25 = 4f,(t,X) T ,(t,X) = 4(% + ”7) 1

~16.15.
By (20) and (19), with &(t,x) = 1, we obtain
K(t,X) = 4% + 2X2,
and

5
2(4x2 +2x2 +1)°

)/(t,X) =
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Using (18), (12) becomes

V) = 5+ o+ 8 - ok
T, s 9-5(4x +2x2)
(2 4)M "S- 24X+ 2 +1)
T 3, 9:5:20¢ +%)
(2 4)M #S -+ @22 +1)

Thus (12) holds with A; = 18. Choosing o = 17 < A, such that (14) holds, i.e,

f||K|| = 4.03(4xZ + 2x2) < 17(X7 + X5) = a||X|°.

Finally, owing to (17) and (18), it can be obtained that

u(t) = tan[ y(t)]

By Theorem 2, we conclude that (25) with the bounded control (26) is exponentially stable.
With a(t) = b(t) = 1, c(t) = 5, x1(0) = -0.70, x»(0) = 0.60, the state trgjectories of the feedback-
controlled system is depicted in Fig. 1. It can be seen from equation (26) that u(t) is bounded

JT JU
by —— <u(t) < =.
y -5 < ()<2

4. CONCLUSION

In this paper, the exponential and asymptotic stabilization of nonlinear dynamica systems with
control constraint has been considered. A bounded and continuous state feedback control for
the exponential and asymptotic stability for the closed-loop system is proposed. Finaly, a
numerical example has also been given to demonstrate the use of our main result.
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